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In this work, we consider the Horˇava-Lifshitz scaling to rewrite higher-order derivatives in
Lorentz-violating CPT-even electrodynamics. The possibility of the Lorentz invariance violation
being originally suppressed by the quantum gravity energy scale MQG, may be indeed circumvented
in a scenario with anisotropy between space and time above certain intermediate energy scale
ΛHL  MQG. To test the model, we have used observational results of a cosmological time delay
between high and low energy photons from gamma ray bursts (GRB090510) event. For specific
values of the Lifshitz critical exponent, we have found interesting lower bounds on the values of MQG.
Keywords: Horˇava-Lifshitz, Lorentz invariance violation, higher-order derivatives, time delay,
gamma ray bursts.
I. INTRODUCTION
The Lorentz invariance is a fundamental ingredient of the standard model, which accurately describes the properties
of fundamental particles and interactions up to TeV scale - energy scale achieved by the Large Hadron Collider (LHC)
experiment. However, the idea that this invariance can be violated at high energies, presumably in some quantum
gravity energy scale MQG that has to be equal or around to the Planck scale (∼ 1019GeV) has been previously
considered in several areas of theoretical physics (see, for example, Ref. [1] and related references therein). In the
present work, the Lorentz invariance violation (LIV) is introduced through higher-order derivative operators. These
LIV models work as effective field theories in the ultraviolet (UV) scale regime and thus lead to changes in the
dispersion relation for high energy particles [2] (see also Ref. [3]).
The study of non-renormalizable terms in the LIV scenario from an effective field theory was initially proposed by
Myers and Pospelov who used higher-order derivative operators coupled with a non-dynamics four-vector, nµ, that
interacts with scalar, fermionic and gauge fields [2]. For the electromagnetic field sector, we have, for example, the
introduction of a CPT-odd term with dimension-5 operator:
S
(5)
MP = −
ξ
MQG
∫
d4xnαFαδn
γ∂γnβF˜
βδ. (1)
Based on this idea, it is also possible to construct a CPT-even term with dimension-6 operator following the same
Myers-Pospelov criteria:
S
(6)
MP = −
ζ
2M2QG
∫
d4xFµνnµn
γ
(
n · ∂)2Fγν , (2)
where ξ and ζ are dimensionless parameters that controls the LIV intensity over MQG scale suppression, Fαβ =
∂αAβ − ∂βAα and F˜ βδ = 12βδρωFρω.
Unlike electromagnetism modified with the original Myers-Pospelov term in Eq. (1), which may violate causality
due to birefringence effects that appear in its dispersion relation, it was shown in the Ref. [4] that the use of CPT-even
LIV terms as in Eq.(2) modifying the electromagnetic sector, can result in a consistent theory (preserving causality and
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2unitarity). Because the CPT-even terms do not produce birefringence effects in the dispersion relation, it becomes
possible to perform phenomenological tests with the cosmological time delay between photons, since there is no
impediment due to the different polarization modes interfering with the time of flight of the particles, as highlighted
by Ref. [5].
For the future purpose of studying effects on the time of flight of the particles, we can choose a simple scenario by
which we have only LIV effects on boosts transformations. The four-vector nµ (which refers to the background field
of the model) can be restricted to a time-like case (nµ ≡ 1,~0) (this is known as isotropic models, better discussed in
Refs. [6, 7]). Then, integrating Eq. (2) by parts and using Bianchi’s identity ∂[αFβγ] = 0, we obtain
S
(6)
MP =
ζ
2M2QG
∫
d4xF 0i
(
i∂t
)2
F0i (3)
where latin indexes indicate the spatial components.
However, both the original Myers-Pospelov modification and the dimension-6 modification in Eq. (3) can bring
problems to electromagnetic field theory that are associated with the non-renormalization. To deal with these prob-
lems, we can use an intermediate energy scale ΛHL that can still maintain the anisotropy between space and time, such
as in the Horˇava-Lifshitz theory [8–11], that manages to renormalize theories that were previously non-renormalizable.
In this theory, there is an explicit asymmetry between the temporal and spatial coordinates by which the Lorentz
invariance is broken. This asymmetry is controlled by the critical Lifshitz exponent z. In order to make the cou-
pling between the standard model and a phenomenologically relevant Lorentz-violating Effective Field Theory (EFT)
possible, the Ref. [12] shows us an upper limit of ΛHL ≤ 1010GeV.
This work aims to study the effects of Horˇava-Lifshitz scaling on Maxwell’s electromagnetism modified by the
presence of LIV term given by Eq. (3) to construct an EFT, in which their respective energy scales are parameterized
to an intermediate energy scale governed by the critical exponent z.
Previous studies adopt certain corrections for the dispersion relations to analyze, through gamma-ray bursts (GRB)
measurements, changes in photon polarization due to vacuum birefringence effects [13–17] or to analyze the presence
of time delay between the arrival of two photons due to vacuum dispersive effects [18–23] as a method of obtaining
boundaries on the LIV parameter or in the quantum-gravity energy scale. We will take advantage of UV-Lifshitz
behaviour to find new bounds on the LIV effects, by using time delay measurements from the propagation of the
electromagnetic waves due to GRB events.
This paper is organized as follows: In section II, we have applied the Horˇava-Lifshitz scaling process for usual
Maxwell electrodynamics, proving that it preserves gauge invariance. In section III, we have applied the same process
in the presence of the dimension-6 LIV operator in the time-like case 3, analyzing its gauge invariance and getting
the modified dispersion relation. In section IV, we have studied the phenomenological aspects for this model using
time-delay data in the propagation of photons seen in GRB090510 event, obtaining lower bounds for the MQG scale.
Finally, in section V, we have presented our conclusions and perspectives.
II. HORˇAVA-LIFSHITZ SCALING IN ELECTRODYNAMICS
The Horˇava-Lifshitz theory has also been proposed as an alternative to describe an ultraviolet (UV) behavior of
general relativity [9]. It is known that general relativity is not UV renormalizable because its coupling constant has
negative mass dimension, i.e., [G] = [M ]−2, with [M ] being the mass unit. The main purpose of the Horˇava-Lifshitz
scaling is to introduce a certain asymmetry between space and time parameterized by the critical Lifshitz exponent
z. Note that this can be approached in two ways: i) The time dimension is [t] = [L]z, and the spatial coordinate
dimensions are [~r] = [L]; ii) The time dimension is [t] = [L], and the spatial coordinate dimensions are [~r] = [L]z.
Here, [L] = [M ]−1 is the length unit. Notice that in this scaling we have now [G] = [M ]z−3, which for z = 3 makes
the coupling constant dimensionless. One of the necessary conditions for renormalizability of a quantum field theory
is that the coupling constant should be dimensionless or dimensionfull with positive mass dimension (z > 3).
The effects of these asymmetries allow us an adjustment in the dimensionality of the coupling constant, and thus to
choose the value of the critical exponent z. Thus, it is hoped that we will deal only with renormalizable interactions.
Indeed this may happen, for example, in Ref. [9], in which it was shown that z ≥ 3 is sufficient to guarantee the
renormalizable character in UV scale of the general relativity. In this section, we consider how this should affect
electrodynamics.
3A. Horˇava-Lifshitz electrodynamics modifying the magnetic field sector
A possibility to insert the critical Lifshitz exponent in field theories is found in Ref. [12]. We can modify the
magnetic sector of the electrodynamics and rewrite Maxwell’s action as
SM,HL = −1
2
∫
dtd3~x
[
F0iF
0i +
1
2
Fij(−∆)z−1F ij
]
, (4)
where ∆ = −∂i∂i = ~∂ · ~∂, the metric used is diag(1,−1,−1,−1), and z, as we have aforementioned, is the Lifshitz
critical exponent. For z = 1, we recover the usual theory. Note that the proposed model given by Eq. (4) must fit
the first case of anisotropy between space and time: ([t] = [L]z, [~r] = [L]). Consequently, we have the respective
dimensionality rules:
[∂t] = [L]
−z, [∂i] = [L]−1. (5)
[A0] = [L]
− 12 (z+1), [Ai] = [L]
1
2 (z−3). (6)
Note that, by assuming z = 1, we recover the Maxwell’s theory. From here, we can define our terms with the new
rescaling:
t→ Λ−z+1HL t, A0 → Λ
1
2 (z−1)
HL A0,
Ai → Λ−
1
2 (z−1)
HL Ai, ∂t → Λ(z−1)HL ∂t. (7)
In this case, the dimension of Horˇava-Lifshitz energy scale ΛHL will follow the rule: [ΛHL] = [L]
−1, due to the rescaling
process. The other quantities will have the following dimensional structures: [t] = [L], [∂t] = [A0] = [Ai] = [L]
−1.
Applying Eq.(7) to Eq.(4), we obtain
SM,HL = −1
2
∫
dtd3~x
[
F0iF
0i +
1
2Λ
2(z−1)
HL
Fij(−∆)z−1F ij
]
. (8)
As shown in Ref.[24], this theory preserves gauge invariance.
B. Horˇava-Lifshitz electrodynamics modifying the electric field sector
An alternative possibility is to insert the critical exponent via the modification of the electric field of the theory. In
this case, we have:
S
(2)
M,HL = −
1
2
∫
dtd3~x
[
F0i(i∂t)
2(z−1)F 0i +
1
2
FijF
ij
]
. (9)
Here, as the rescaling will affect the electric field sector of the theory, the dimensions will be altered, so as to become
([t] = [L], [~r] = [L]z) which are consistent with Eq. (9). Thus, the dimensionality rules are of the form:
[∂0] = [L]
−1, [∂i] = [L]−z,
[Ai] = [L]
− 12 (z+1), [A0] = [L]
1
2 (z−3), (10)
in which for z = 1 we recover the Maxwell’s theory. From here, we can define our terms for the new rescaling as
Ai → Λ
1
2 (z−1)
HL Ai, ∂i → Λ(z−1)HL ∂i,
A0 → Λ−
1
2 (z−1)
HL A0, ~x→ Λ−(z−1)HL ~x. (11)
Thus, in the same way as in other models, we will apply the rescaling (11) in Eq.(9), arriving at our action that is
given by:
S
(2)
M,HL = −
1
2
∫
dtd3~x
[
1
Λ
2(z−1)
HL
F0i(i∂t)
2(z−1)F 0i +
1
2
FijF
ij
]
. (12)
41. Gauge invariance of the model
As has been said before, we will show here that, despite the Horˇava-Lifshitz modification, the theory remains gauge
invariant. For this, we can amke an analysis similar to Arnowitt-Deser-Misner’s formalism in the Lifshitz gravity
[12, 25]. Hence, by considering the decomposition of the fields A0 and Ai = A
T
i + ∂iϕ, the Eq.(12) after some
integrations by part becomes∫
dtd3~x F0i(i∂0)
2(z−1)F 0i =
∫
dtd3~x
[
−ATi (i∂)2zηijATj − (A0 + ϕ˙)(i∂0)2(z−1)∂i∂i(A0 + ϕ˙)
]
,∫
dtd3~x FijF
ij = −
∫
dtd3~x 2ATi ∂i∂
iηijATj ,
Now by substituting into Eq. (12), we obtain
S
(2)
M,HL =
1
2
∫
dtd3~x
{
ATi
[
1
Λ
2(z−1)
HL
(i∂)2z + ∂i∂
i
]
ηijATj + (A0 + ϕ˙)
(
i
∂0
ΛHL
)2(z−1)
∂i∂
i(A0 + ϕ˙)
}
. (13)
We notice that despite the decomposition of the field Ai = A
T
i + ∂iϕ, it does not undergo any alteration and remains
invariant. On the other hand, we noticed that the field A0, that had not been decomposed, changes as follows
A0 → A′0 = A0 + ω˙ ; ϕ→ ϕ′ = ϕ− ω, (14)
as well as in the usual gauge symmetry Aµ → A′µ = Aµ+∂µω. We then realize that the gauge symmetry is maintained
in accordance with Eq. (14).
III. ELECTRODYNAMICS WITH THE CPT-EVEN DIMENSION-SIX OPERATOR UNDER
LIFSHITZ’S SCALING
Based on subsec. II B, where a Horˇava-Lifshitz scaling was constructed for Maxwell’s equation describing classical
electrodynamics, let us now apply in the same way the scaling for the dimension-6 operator, subject to the time-like
case given in Eq. (3). Therefore, the dimension-6 Myers-Pospelov term, when rescaled, becomes:
SMP =
ζ
2M2QG
∫
dtd3~x
1
Λ
2(z−1)
HL
F0i(i∂t)
2zF 0i. (15)
A difference that is quite evident here is the fact that for the usual dimension-5 Myers-Pospelov term in Eq. (1) it is
necessary to scale the quantum gravity mass MQG [24], whereas for the dimension-6 operator this is not the case.
So we can now write our complete model through our new rescaling. Adding the modified Maxwell’s term in Eq.
(12) to that of modified CPT-even Myers-Pospelov Eq. (15), we arrive at
SMP,HL = −1
2
∫
dtd3~x
{[
1
Λ
2(z−1)
HL
F0i(i∂t)
2(z−1)F 0i +
1
2
FijF
ij
]
− ζ
Λ
2(z−1)
HL M
2
QG
F0i(i∂t)
2zF 0i
}
, (16)
in which both terms has the presence of LIV. Note that, for z = 1 limit, we recover the usual CPT-even dimension-6 in
modified electrodynamics for the isotropic case, as found in the non-renormalizable standard model extension present
in Ref.[26].
A. Gauge invariance
In order to analyze the gauge invariance of the model, we will use the same decomposition of the fields, A0 and
Ai = A
T
i + ∂iϕ, as done in Eq. (13). Consequently, the CPT-even Myers-Pospelov term under the time-like condition
results in the following decomposition of the fields:∫
dtd3~x F0i(i∂t)
2zF 0i =
∫
dtd3~x ATi (i∂t)
2z+2ηijATj + (A0 + ϕ˙) (i∂t)
2z∂i∂
i (A0 + ϕ˙) . (17)
5Adding Eq. (17) to Eq. (13), we arrive at the action
S
(2)
MP,HL =
1
2
∫
dtd3~x
{
ATj
[
1
Λ
2(z−1)
HL
(i∂t)
2z + (∂i∂
i) +
ζ
Λ
2(z−1)
HL M
2
QG
(i∂t)
2(z+1)
]
ηjkATj
+ (A0 + ϕ˙)
[
1
Λ
2(z−1)
HL
(i∂t)
2(z−1) +
ζ
Λ2(z−1)M2QG
(i∂t)
2z
] (
∂i∂
i
)
(A0 + ϕ˙)
}
. (18)
Here we notice that the gauge invariance is maintained, according to the same discussion made in subsection II A.
B. Dispersion relation
Subjecting Eq. (18) to the gauge choice A0 = 0, we obtain, after some integrations by parts,
S
(2)
MP,HL =
1
2
∫
dtd3~x
{
ATj
[
1
Λ
2(z−1)
HL
(i∂t)
2z + (∂i∂
i) +
ζ
Λ2(z−1)HLM2QG
(i∂t)
2(z+1)
]
ηjkATj . (19)
The equation of motion is
δS
(2)
MP,HL
δATj
=
(
1
Λ
2(z−1)HL
HL
(i∂t)
2z + (∂i∂
i) +
ζ
Λ2(z−1)HLM2QG
(i∂t)
2(z+1)
)
ηkmAm = 0. (20)
With the objective of finding an equation that describes the dispersion relation for our model, we consider the following
Ansatz
Ak(x) = k(p) exp(−ikµxµ) ; kµ = (ω,~k),
where k = |~k|. Thus, we obtain
k2 − ω
2z
Λ
2(z−1)
HL
− ζ
Λ2(z−1)M2QG
ω2(z+1) = 0. (21)
It is worth mentioning that in the case where z = 1, the Lifshitz modification is absent in Eq. (21), as expected.
However, we still have the presence of O(ω4) modification. This is due to the presence of the dimension-6 operator.
Finally, Eq. (21) leads to
k = ± ω
z
Λz−1HL
√
1 +
ζ
M2QG
ω2. (22)
We see that the intensity of dispersive effects depends on the critical exponent. A preliminary observation of the
Eq. (22) is that there is no presence of birefringence sign (that always appears in CPT-odd EFT theories). Hence it
makes possible to use this model to calculate the temporal delay in cosmological events, since the time of flight of the
photons does not change due to different polarization modes.
IV. PHENOMENOLOGICAL ASPECTS: TIME DELAY BETWEEN EMITTED PHOTONS
The temporal delay occurs when emitted photons from the same source are detected at different times, being
detected a more energetic photon after the arrival of a less energetic photon, resulting in a small temporal delay.
According to Quantum Gravity Theory, this happens because at high energies next to the Planck scale, the space
stops being continuous and becomes a discrete space, as if it would have spatial granulations.
These energetic photons may be generated from transient sources, that is, sources that give a great peak of energy in
a short time. When a highly energetic photon goes through the space from the source to us, it probes the discreteness
of the space due to its high energy, suffering a temporal delay, in relation to a lowly energetic photon, in its detection.
6Considering the equation (22), the photon velocity in our model becomes
v =
(
∂k
∂ω
)−1
= ±
(
ΛHL
ω
)z−1
√√√√√√√√
1 +
ζ
M2QG
ω2
z + (z + 1)
ζ
M2QG
ω2
. (23)
In order to study cosmological aspects, the expression (23) needs to consider the universe expansion. Hence, in
terms of the cosmological redshift Z ′1, the equation (23) becomes
v(Z ′) = ±
(
ΛHL
ω(1 + Z ′)
)z−1
√√√√√√√√
1 +
ζ
M2QG
[ω(1 + Z ′)]2
z + (z + 1)
ζ
M2QG
[ω(1 + Z ′)]2
, (24)
where ω(1 + Z ′) is the photon energy when it was emitted from the source located at redshift Z ′. Now, considering
ζ
M2QG
ω(1 + Z ′) 1, we can use a first order approximation to rewrite Eq. (24) as
v(Z ′) = ±
(
ΛHL
ω(1 + Z ′)
)z−1
1
z
{
1− (z + 2)
2z
ζ
M2QG
[ω(1 + Z ′)]2
}
. (25)
The light-travel distance, considering the universe expansion in a ΛCDM Universe, is given by [20]:
x(t) =
1
H0
∫ t
0
v(t′)dt′ =
1
H0
∫ Z
0
v(Z ′) dZ
′
(1 + Z ′)√ΩΛ + Ωm(1 + Z ′)3 , (26)
where H0 ' 70km/s/Mpc = 1.505 × 10−42GeV is the Hubble constant, while ΩΛ ' 0.685 and Ωm ' 0.315 are the
mass density and the dark energy density parameters, respectively.
By using the Eq. (25) into Eq. (26) we find
x(Z) = ±
(
ΛHL
ω
)z−1
1
H0z
∫ Z
0
1
(1 + Z)z
{
1− z + 2
2z
ζ
M2QG
[ω(1 + Z ′)]2
}
dZ ′√
ΩΛ + Ωm(1 + Z ′)3)
. (27)
The Eq. (27) also corresponds to the time of flight of the photons under the effects of LIV induced by the considered
model. In the low energy regime (ω  MQG), the second term becomes negligible, thus, the photon travel time
recovers the usual one in the standard relativistic cosmology when we assume z = 1 (recovering Maxwell’s usual
results too). The first term of Eq. (27) is associated with the photon time of flight under a not so high energy
scale (many orders lower than the quantum gravity scale), that can be motivated by a suppression under the Lifshitz
energy scale ΛHL  MQG that would induce a weak anisotropy at space-time. Thus, the time difference between a
high-energy and a low-energy photon in a Horˇava-Lifshitz LIV scenario is2
∆tLIV =
1
H0
z + 2
2z2
ζ
Λ1−zHL M
2
QG
(ω3−zhigh − ω3−zlow )
∫ Z
0
(1 + Z ′)2−zdZ ′√
ΩΛ + Ωm(1 + Z ′)3
. (28)
Starting from the fact that LIV effects would occur exactly under MQG scale, we can consider ζ = 1 to estimate the
quantum gravity energy. Using upper bounds for phenomenological values of ∆tLIV, we can obtain lower bounds for
MQG, that is
MQG ≥
√
1
H0∆tLIV
z + 2
2z2
ω3−zhigh − ω3−zlow
Λ1−zHL
I(Z), (29)
1 Please, note the difference between two notations: z will continue associated to the Lifshitz critical exponent, while Z′ represents the
cosmological redshift.
2 For more details of cosmological time delay formula derivation due to LIV effects, see Ref [27].
7where I(Z) is the integral in Eq. (28).
To estimate this bound, we will use data from GRB090510, which was studied in Ref. [18]. This GRB proved to be
a promising event for the analysis of dispersive effects due to the highly energetic photons that were detected on the
GeV scale. The source was located at a redshift Z = 0.90. Approximately 859ms after the initial emission around
100 keV, a peak of 31GeV was detected (this coresponds to the most conservative LIV time delay choice). With these
data, we can estimate, for different values of the critical exponent z, lower bounds for MQG, as can be seen in the
table below. When we choose z = 1, we eliminate the contribution arising from the Horˇava-Lifshitz modification,
TABLE IV A: Lower bounds on MQG in terms of particular values of Lifshitz critical exponent z.
z=1 z=1.5 z=2 z=2.5
MQG(GeV) 3.33× 1010 3.51× 1012 4.10× 1014 5.04× 1016
and therefore we end up with the pure LIV contribution of a dimension-6 CPT-even term, which brings quadratic
dispersive effects. The lower bound for MQG in this case, which is of the order of 10
10GeV, is the same found in the
literature for this type of dimension-6 EFT.
For any value of z 6= 1, the Lifshitz modification will contribute to the result, as it will count the presence of the
intermediate energy scale ΛHL. For z = 2, for example, we have an analogous case to what would be a linear order
dispersive effects (from a pure Myers-Pospelov term of dimension-5, for example). It is interesting to note that the
lower limit of MQG does not exceed Planck’s mass, unlike the results found in the literature that consider a common
dispersion at a linear level.
From Eq. (29), we have plotted a graph to observe the behavior of constraints on MQG as function of z as it varies
from 0 to 3. The line on the top of graph 1 corresponds to the Planck mass, i.e., MP = 1.22× 1019GeV.
Mp
0.0 0.5 1.0 1.5 2.0 2.5 3.0
5
10
15
20
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o
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FIG. 1: The behavior of constraints on MQG in terms of Lifshitz critical exponent z.
The case z = 0 and z = 3 does not represent any physical relevance since the Eq. (29) diverges (when z = 3 there
is no energy dependence, cancelling dispersive effects). For z > 3 we get imaginary results. Then we can consider the
constraints to z described mathematically by z ∈ (0, 3). Furthermore, the values next to z = 0 produce weak lower
bounds of MQG. However, it is interesting to see that the function does not exceed the Planck energy scale MP at
any circumstances.
For z → 3 we get some interesting behaviour. Normally the low energy ωlow is discarded in some models for being
many orders smaller than the high energy value ωhigh, but in our model, it has an interesting role. This happens
because ω3−zlow assumes values close to ω
3−z
high in the Eq. (29), resulting in a reduction in the graph growth and bringing
up the MQG to values near to MP. There is a maximum MQG value close to z = 3 before the graph starts to decay.
This particular value depends on the energy difference between the photons. The peak in this graph is obtained when
z = 2.96, i.e., MQG ≥ 2.74× 1018GeV, which is a strong lower bound, since it is relatively close to MP.
V. CONCLUSIONS
In this work, we have analyzed the LIV of a Lifshitz-scaling to a CPT-even Maxwell-Myers-Pospelov model where
the Lifshitz-type gauge invariant usual electrodynamics can be recovered. The dispersion relation of the theory was
8computed, showing a vacuum dispersive behaviour with a dependence on the Lifshitz critical exponent z, which
induces some anisotropy between space and time near to an intermediate energy scale ΛHL. There is no appearance of
vacuum birefringence, which allowed us to test this model by analyzing the time delay between photons considering
cosmological distances.
Finally, we have obtained lower bounds for the MQG for any physical relevant Lifshitz critical exponent related to
our model. These limits were determined using the observational results of the gamma ray burst GRB090510. For
z = 1, which corresponds to the usual dimensional-6 operator, we found the same results already obtained in the
literature for quadratic order dispersion (≥ 1010GeV). For z = 2, which is related to a linear dispersion, it was shown
that the bound for MQG recovers a realistic scenario where LIV may be possible (≥ 1014GeV, i.e., below Planck’s
mass). This result is an improvement from the result found in the literature where the Horˇava-Lifshitz scaling is
absent, which predicts bounds beyond Planck’s mass. Finally, the greater difference in energies of the two considered
photons was found for values of z → 3, that is where the bounds of MQG tend to approximate to the Planck’s mass
(≥ 1018GeV). This can be relevant for further phenomenological investigations and opening a window for future
researches in order to understand the role of LIV in the standard model considering a quantum gravity theory, such
as Horˇava-Lifshitz gravity.
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